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Abstract. We study chains in an iJ-closed topological partially ordered space. We give 
sufficient conditions for a maximal chain L in an i?-closed topological partially ordered space 
such that L contains a maximal (minimal) element. Also we give sufficient conditions for a 
linearly ordered topological partially ordered space to be 7J-closed. We prove that any _ff-closed 
. topological semilattice contains a zero. We show that a linearly ordered 7?-closed topological 

' semilattice is an //-closed topological pospace and show that in the general case this is not 

CsJ , true. We construct an example an iJ-closed topological pospace with a non-iJ-closed maximal 

chain and give sufhcient conditions that a maximal chain of an //-closed topological pospace is 
an //-closed topological pospace. 

a\ ' 

1. Introduction 

O ■ In this paper all topological spaces will be assumed to be Hausdorff. We shall follow the 
! terminology of [31 El El El [121 US]- If A is a subset of a topological space X, then we denote 
\ the closure of the set A in X by clx(^)- By a partial order on a set X we mean a reflexive, 
transitive and anti-symmetric binary relation ^ on X. If the partial order ^ on a set X satisfies 
the following linearity law 
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> 



O 

OO 

O 



if x,y E X, then x ^ y or y ^ x, 



then it is said to be a linear order. We write x < y ii x ^ y and x ^ y, x ^ y li y ^ x, and 
■ X ^ y ii the relation ^ y is false. Obviously if ^ is a partial order or a linear order on a set 
X then so is ^. A set endowed with a partial order (resp., linear order) is called a partially 
'nI" I ordered (resp., linearly ordered) set. If ^ is a partial order on X and A is a subset of X then 
we denote 



[A = {y ^ X \ y ^ X for some x & A} and ^A = {y E X \ x ^ y for some x G A}. 

Also for any elements a, 6 of a partial ordered set X such that a ^ 6 we denote t*^ = 

la = l{a}, [a, b] = ^aH lb and [a, b) = [a, b] \ {b}. A subset A of a partially ordered set X is 

called increasing (decreasing) if A = I A [A = lA). 

A partial order ^ on a topological space X is said to be lower (upper) semicontinuous 
provided, that whenever x ^ y [y ^ x) in X, then there exists an open set U 3 x such that if 
a E U then a ^ y [y ^ a). A partial order is called semicontinuous if it is both upper and lower 
semicontinuous. Next, it is said to be continuous or closed provided, that whenever x ^ y in 
X, there exist open sets U 3 x and V 3 y such that if a E U and b E V then a ^ b. Clearly, 
the statement that the partial order ^ on X is semicontinuous is equivalent to the assertion 
that la and |a are closed subsets of X for each a G X. A topological space equipped with 
a continuous partial order is called a topological partially ordered space or shortly topological 
pospace. A partial order ^ on a topological space X is continuous if and only if the graph of ^ 
is a closed subset in X x X p!5l Lemma 1] . Also a semicontinuous linear order on a topological 
space is continuous [151 Lemma 3]. 
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A chain of a partially ordered set X is a subset of X which is linearly ordered with respect 
to the partial order. A maximal chain is a chain which is properly contained in no other chain. 
The Axiom of Choice implies the existence of maximal chains in any partially ordered set. 
Every maximal chain in a topological pospace is a closed set [TBI Lemma 4]. 

An element y in a partially ordered set X is called minimal (resp. maximal) in X whenever 
X ^ y (resp. y ^ x) in X implies y ^ x (resp. x ^ y). Let X and Y be partially ordered 
sets. A map / : X — > F is called monotone (or partially order preserving) if x ^ y implies 
f{x) ^ fiy) for any x,y E X. 

A Hausdorff topological space X is called H -closed if X is a closed subspace of every Hausdorff 
space in which it is contained [H [2]- A Hausdorff pospace X is called H -closed if X is a closed 
subspace of every Hausdorff pospace in which it is contained. Obviously that the notion of 
if-closedness is a generalization of compactness. For any element x of a compact topological 
pospace X there exists a minimal element y E X and a maximal element z E X such that 
y ^ X ^ z [8]. Every chain in a compact topological pospace is a compact subset and hence it 
contains minimal and maximal elements. Also for any point a; of a compact topological pospace 
X there exists a base at x which consists of open order-convex subsets [12] (A non-empty set 
A of a partially ordered set is called order-convex if A is an intersection of increasing and 
decreasing subsets). We are interested in the following question: Under which condition an 
H -closed topological pospace has similar properties as a compact topological pospace? 

In this paper we establish chains in if-closed topological pospace. We give sufficient con- 
ditions on a maximal chain L in an if-closed topological pospace such that L contains the 
maximal (minimal) element. Also we give sufficient conditions on a linearly ordered topological 
pospace to be if-closed. We prove that every if-closed topological semilattice contains a zero. 
We show that a linearly ordered if-closed topological semilattice is an if-closed topological 
pospace and show that in the general case it is not true. We construct an example an if-closed 
topological pospace with a non-if-closed maximal chain and give sufficient conditions that a 
maximal chain of an iJ-closed topological pospace is an if-closed topological pospace. 

2. On maximal and minimal elements of maximal chains in if-CLOSED 

TOPOLOGICAL POSPACES 

A chain L of a partially ordered set X is called down-directed (resp. up-directed) in X if for 
any x E X there exists / G L such that / ^ x (resp. x ^ I). 

Theorem 2.1. Any down- directed chain L of an H-closed topological pospace contains a min- 
imal element of L. 

Proof. Suppose there exists an iJ-closed topological pospace X with a down-directed chain L 
such that L does not contain a minimal element in L. 

Let X ^ X. We extend the partial order ^ from X onto X* = X U {x} as follows: 

1) X ^ x; 

2) X ^ y for each y E L; and 

3) X ^ z for z E X \ L if and only if there exists y E L such that y ^ z. 

Then by Lemma 1 for any a, 6 G X such that a ^ b there exist open neighbourhoods 
U (a) and U (6) of the points a and b respectively, such that 

U{a) = ]U{a), U{b) = iU{b), and U{a) n U{b) = 0. 

We define the family 

^ = {(f/(a), U{b)) \a^b, aeX, beL} 

as follows: U (a) is an open neighbourhood of a and U{b) is an open neighbourhood of b such 
that 

U{a) = tf/(a), U{b) = iU{b), and U{a) n U{b) = 0. 
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We denote the topology on X by r. On X* we determine a topology r* as follows. For any 
point y E X the bases of topologies r* and r at the point y coincide. For any y E X hj ^{y) 
we denote the base of the topology r at the point y. We put 

^(x) = {{x} U U{b) I ([/(a), U{b)) e , a ^ b, a e X, b e L} 

and 

^(x) = {t/i n ■ • • n f/„ I f/i, . . . , t/„ G ^(x), n = 1, 2, 3, . . .}. 
Obviously, the conditions (BP1)-(BP3) of [7j hold for the family {e^(?/)}ygx* and hence ^{x) 
is a base of a topology r* at the point x. 

Further we shall show that {X*, r*, ^) is a topological pospace. Let y E X. Then y ^ |x. 
We consider two cases y E L and y & X \ L. In the first case we have x < y, and since L does 
not contain a minimal element, there exists 6 e L such that b < y. We put W{x) = {x} UU{b), 
where {U{y),U{b)) e ^ . Obviously, 

W{x) = iW{x), U{y) = tf/(2/), and W{x) n U{y) = 0. 

Let y ^ X \ L. Then there exists b & L such that y ^ b. In the other case we have y ^ a 
for all a & L, a contradiction to the fact that L is a down-directed chain in X. Then we put 
W{x) = {x} U U{b), where {U{y), U{b)) G . Therefore we have 

W{x) = iW{x), U{y) = ]U{y), and W{x) n U{y) = 0. 

Thus (X*,r*, ^) is a Hausdorff topological pospace which contains X as a dense subspace, 
a contradiction. The obtained contradiction implies that L contains a minimal element. □ 

The proof of the following theorem is similar. 

Theorem 2.2. Any up-directed chain of an H -closed topological pospace contains a maximal 
element. 

A subset F of topological pospace X is said to be upper (resp. lower) separated if and only 
if for each a G X \ ]F (resp. a G X \ [F) there exist disjoint open neighbourhoods U oi a and 
V oi F such that U is decreasing (resp. increasing) and V is increasing (resp. decreasing) in 
X. 

Theorem 2.3. Any maximal upper separated chain L of an H-closed topological pospace X 
contains a minimal element of L. 

Proof. Suppose to the contrary that there exists an //-closed topological pospace X with a 
maximal upper separated chain L such that L does not contain a minimal element. 
Let X ^ X. We extend the partial order ^ from X onto X* = X U {x} as follows: 

1) X ^ x; 

2) X ^ y for each y & L; and 

3) X ^ z for z G X \ L if and only if there exists y & L such that y ^ z. 
Then by Lemma 1 [15] we can to define the family 

^ = {(f/(a), U{b)) \ a ^b, a e X, b e L} 

as follows: U (a) is an open neighbourhood of a and U{b) is an open neighbourhood of b such 
that 

U{a) = tf/(a), U{b) = lU{b), and U{a) n U{b) = 0. 
Since L is a upper separated chain for any a G X \ fL such that a ^ / for each I G L, there 
exist an open neighbourhood Va{L) of L and an open neighbourhood V{a) of a such that 

Va{L) = ]Va{L), V{a) = iV{a), and Va{L) n V (a) = . 

We define the family 

y = {{Va{L), V{a)) \ a ^ I hi any I e L, a e X \ ]L} 
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as follows: Va{L) is an open neighbourhood of the chain L and V{a) is an open neighbourhood 
of the point a such that 

VaiL) = ^VaiL), Via) = iVia), and VaiL) f] V (a) = . 

We denote the topology on X by r. On X* we determine a topology r* as follows. For any 
point y & X the bases of topologies r* and r at the point y coincide. For any y G X by ^{y) 
we denote the base of the topology r at the point y. We put 

^{x) = {{x}U U(b) I ([/(a), U{b)) G ^, a ^ 6, a G X, 6 G L}, 

r(a;) = {{x} U K(i^) I (K(^), V^(a)) G r, a ^ / for any / G L, a G X \ t^}, 

0^[x) = '^{x) U f'(a;), and 
^{x) = {f/i n ■ • • n t/„ I f/i, . . . , t/„ G ^(x), n = 1, 2, 3, . . .}. 
Obviously, the conditions (BP1)-(BP3) of [7] hold for the family {l3§{y)}y^x* and hence 
{^{y)}y^x* is a base of a topology r* at the point y G X*. Since the chain L does not 
contain a minimal element, every finite intersection of elements from the family (x) contains 
infinitely many points from the chain L, and since every set of the family "^(x) contains the 
chain L, we conclude that x is not an isolated point in (X*, r*). 

Further we shall show that (X*, r*, ^) is a topological pospace. Let y E X. We consider two 
cases y (z L and y E X \ L. In the first case we have x < y, and since L does not contains 
a minimal element there exists b E L such that b < y. We put W{x) = {x} U U{b), where 
{U{y),U{b)) G ^(x). Obviously, 

W{x) = iW{x), U{y) = ]U{y), and W{x) f] U{y) = 0. 

Let y E X\L. li y ^ x, then there exists b E L such that y ^ b. In other case we have y ^ a 
for all a G L, a contradiction to the maximality of the chain L. Then we put W{x) = {x}UU{b), 
where {U{y),U{b)) G ^{x). Therefore we have 

W{x) = iW{x), U{y) = W{y), and W{x) n U{y) = 0. 

U X ^ y then the definition of the family ')^(x) implies that there exist an open neighbourhood 
V{x) of the point x in X* and an open neighbourhood V{y) of the point y in X* such that 

V{x) = ]V{x), V{y) = iV{y), and V{x) r\V{y) = 0. 

Thus (X*,r*, ^) is a Hausdorff topological pospace which contains X as a dense subspace, 
a contradiction. The obtained contradiction implies that L contains a minimal element. □ 

The proof of the following theorem is similar. 

Theorem 2.4. Any maximal lower separated chain L of an H -closed topological pospace X 
contains a maximal element of L. 

Similarly to [HI [13] we shall say that a topological pospace X is a Ci-space (resp. Cd-space) 
if whenewer a subset F of X is closed, (resp. IF) is a closed subset in X. A maximal 
chain of a topological pospace X is called an MCCi-chain (resp. an MCCd-chain) in X if |L 
(resp. [L) is a closed subset in X. Obviously, if a topological pospace X is a Cj-space (resp. 
Crf-space) then any maximal chain in X is an MCCj-chain (resp. MCC^-chain) in X. 

A topological pospace X is said to be upper (resp. lower) regularly ordered if and only if for 
each closed increasing (resp. decreasing) subset F in X and each element a ^ F, there exist 
disjoint open neighbourhoods U of a and ^ of F such that U is decreasing (resp. increasing) 
and V is increasing (resp. decreasing) in X |9],|1]. A topological pospace X is regularly ordered 
if it is upper and lower regularly ordered. 

Theorem 12.31 implies 

Corollary 2.5. Any maximal MCCi-chain of an H-closed upper regularly ordered topological 
pospace contains a minimal element of L. 
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Theorem 12.41 implies 

Corollary 2.6. Any maximal MCCa-chain of an H-closed lower regularly ordered topological 
pospace contains a maximal element of L. 

3. Some remarks on IJ-closed topological semilattices 

A topological space S that is algebraically a semigroup with a continuous semigroup operation 
is called a topological semigroup. A semilattice is a semigroup with a commutative idempotent 
semigroup operation. A topological semilattice is a topological semigroup which is algebraically 
a semilattice. 

If £^ is a semilattice, then the semilattice operation on E determines the partial order ^ on 

E: 

e ^ / if and only if ef = fe = e. 
This order is called natural. A semilattice E is called linearly ordered if the semilattice operation 
admits a linear natural order on E. The natural order on a topological semilattice E admits 
the structure of topological pospace on E (see: [SI Proposition Vl-1.14]). Obviously, if S* is a 
topological semilattice then |e and |e are closed subsets in S for any e E S. 

A topological semilattice S is called H-closed if it is a closed subset in any topological 
semilattice which contains as a subsemilattice. Properties of if-closed topological semilattices 
were established in [5l [T0| [Ti]. 

Theorem 3.1. Every H-closed topological semilattice contains the smallest idempotent. 

Proof. Suppose to the contrary that there exists an if-closed topological semilattice E which 
does not contain the smallest idempotent. Let x ^ E. We put E* = E U {x}, and extend the 
semilattice operation from E onto E* as follows: 

XX = xe = ex = X for all e E E. 

Since E is a. topological pospace, there exist by Lemma 1 [U] for any a,b E E such that 
a ^ b open neighbourhoods U{a) and U{b) of the points a and b respectively such that 

U{a) = ]U{a), U{b) = iU{b), and U{a) n U{b) = 0. 

We define the family 

^ = {{U{a), U{b)) I a ^ 6, a, 6 e X} 

as follows: U{a) is an open neighbourhood of a and U{b) is an open neighbourhood of b such 
that 

U{a) = tf/(a), U{b) = iU{b), and U{a) n U{b) = 0. 
We denote the topology on E by r. On E* we determine a topology r* as follows. For any 
point y E E the bases of topologies r* and r at the point y coincide. For any y E E hj ^{y) 
we denote the base of the topology r at the point y E E. We put 

^{x) = {{x} U U{b) I ([/(a), U{b)) G ^, a ^ b, a,b E E} 

and 

^(x) = {Uin---nUn\Ui,...,UnE ^{x), n = 1,2,3,.. .}. 
Obviously, the conditions (BP1)-(BP3) of [7] hold for the family {^{y)}y(zE* and hence ^{y) 
is a base of a topology r* at the point y E E*. 

We shall further show that {E*, r*) is a topological semilattice. Let e be an arbitrary element 
of the semilattice E and let U be an arbitrary open neighbourhood of x in E* such that e ^ U. 
Since the semilattice E does not contain the smallest idempotent, such open neighbourhood 
U of the point x exists in E*. Otherwise we put V = U (1 U{b), where b E U, b < e, and 
(f/(e), U (6)) E ^ . Thus V = IV and e ^ V. Then there exist ai, . . . , a„, 6i, . . . , 6„ E E, ai ^ 
bi, ... ,an ^ bn, n = 1,2,3, .. ., and open neighbourhoods U{ai), . . . ,U (an), U{bi), . . . , U{bn) of 
the points ai, . . . , a„, 6i, . . . , 6„ in E* , respectively, such that 
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1) C/(ai) = T?7(ai),...,f/(aO = Tf/(aO; 

2) f/(6i) = i?7(6i),...,f/(6„) = it/(6„); 

3) f/(ai) n U{bi) = 0,...,U (a„) n t/(6„) = 0; and 

4) f/ = f/(ai)n...f/(a„). 

Let bo E U \ {x} such that bo < e. Such element bo exists since the semilattice E does 
not contain the smallest idempotent. Since E' is a topological semilattice there exist an open 
neighborhood V{e) of the point e and open neighbourhoods W{bo) and V{bo) of the point bo 
such that 

V{e)V{bo) C W{bo) C U. 
Then there exist an open neighbourhood U{e) of the point e and open neighbourhood U{bo) of 
the point bo such that (f/(e), f/(6o)) e ^. We put 0(e) = f/(e) n ^^(e) and = f/ n U{bo). 
Since is a topological semilattice and W = IW, we have 

0{e)W CW CU. 

Obviously W e ^(x). 

Therefore {E*,t*) is a topological semilattice which contains i^' as a dense subsemilattice, a 
contradiction. The obtained contradiction implies the assertion of the theorem. □ 

Proposition 3.2. Every linearly ordered topological pospace admits a structure of a topological 
semilattice. 

Proof. Let X be a linearly ordered topological pospace and let ^ be a linear order on X. We 
define the semilattice operation "*" on X as follows: 

x*y = y*x = x if x^y {x,y E X). 

Since ^ is a linear order on X, "*" is a semilattice operation on X. 

We observe that if A C X, then A * A = A. Let x,y E X he such that x < y holds. Then 
X * y = X, and since X is a topological pospace, there exist neighbourhoods U{x) and U{y) of 
the points x and y in X, respectively, such that 

U{x) = iU{x), U{y) = ]U{y), and U{x) n U{y) = 0. 

Let V{x) be an arbitrary open neighbourhood of the point x in X. We put W{x) = V{x)r\U{x). 
Since X is a linearly ordered set we have 

U{y) * W{x) = W{x) * U{y) = W{x) C V{x). 

Therefore (X, *) is a topological semilattice. □ 

Proposition 13.21 implies 

Proposition 3.3. A linearly ordered topological semilattice is H-closed if and only if it is 
H -closed as a topological pospace. 

A linearly ordered topological semilattice E is called complete if every non-empty subset of 
S has inf and sup. 

In [IQ] Gutik and Repovs proved the following theorem: 

Theorem 3.4. A linearly ordered topological semilattice E is H-closed if and only if the fol- 
lowing conditions hold: 
(i) E is complete; 

(ii) X = sup A for A = [A \ {x} implies x E c\e A, whenever A ^ 0; and 
{Hi) X = inf B for B = fi? \ {x} implies x E cIe B, whenever B ^ 

Propositions 13. 2^ 13.31 and Theorem 13.41 imply the following: 

Corollary 3.5. A linearly ordered topological pospace X is H-closed if and only if the following 
conditions hold: 
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(z) X is a complete semilattice with the respect to the partial order on X ; 
(ii) X = sup A for A = lA \ {x} implies x G dx A, whenever A ^ 0; and 
{Hi) X = inf B for B = fi? \ {x} implies x G clx B, whenever B ^ 

A semilattice S is called algebraically closed (or absolutely maximal) if 5* is a closed sub- 
semilattice in any topological semilattice which contains S" as a subsemilattice [H]. In [H] 
Stepp proved that a semilattice S is algebraically closed if and only if any chain in S is fi- 
nite. Example 13.61 shows that the similar statement does not hold for an iJ-closed topological 
pospace. 

Example 3.6. Let Y be an Hausdorff topological space with isolated points a and b. We put 
X = Y \ {a, b}. On Y we define a partial order ^ as follows: 

1) X ^ X for all X &Y; 

2) X ^ b for all x G F; and 

3) a ^ X for all x &Y. 

Obviously, (Y, ^) is a topological pospace, and moreover {Y, ^) is an if-closed topological 
pospace if and only if X is an iJ-closed topological space. 

We observe that the following conditions hold: 

1. The partial order ^ on F admits the lattice structure on Y: 

1) by X = b and b A x = x for all x ^Y; 

2) X Ay = a and xM y = b for all x,y (zY\ and 

3) ay X = X and a A x = a for all x G F. 

Hence the topological pospace (F, ^) is both up-directed and down-directed. Also we 
observe that the lattice operations V and A are not continuous in Y . 

2. The topological pospace {Y, ^) is both a Cd- and a Cj-space. 

3. The topological pospace {Y, ^) is upper and lower regularly ordered. 

A partially ordered set A is called a tree if [a is a chain for any a G A. Example 13.71 shows 
that there exists an algebraically closed (and hence if-closed) topological semilattice ^{t) 
which is a tree but ^ (r) is not an if-closed topological pospace. 

Example 3.7. Let X be a discrete infinite space of cardinality r and let (r) be the one-point 
Alexandroff compactification of X. We put {a} = £/{t) \ X and fix /3 G X. On £/[t) we 
define a partial order ^ as follows: 

1) X ^ X for all X E £/{t); 

2) f3 ^x for all x G ^/(r); and 

3) X ^ a for all x G ^{t). 

The partial order ^ induces a semilattice operation on £/{t): 

1) X * X = X for all X G (r); 

2) /3 * X = X * /3 = /3 for all X G ^(r); 

3) a*x = x*a = x for all x E (r); and 

4) x*y = y*x = (3 for all distinct x, y G X. 

Since X is a discrete subspace of ^(r), X with induced from ^(r) the semilattice operation 
is a topological semilattice. By [131 Theorem 9] X is an algebraically closed semilattice, and 
hence it is an if-closed topological semilattice. But X a dense subspace of .s/ (r) and hence X 
is not an if-closed pospace. 

4. Linearly ordered //-closed topological pospaces 

Let C be a maximal chain of a topological pospace X. Then C = f]^^c(^^ ^ t^^)' hence 
C is a closed subspace of X. Therefore we get the following: 
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Lemma 4.1. Let K be a linearly ordered subspace of a topological pospace X . Then clx{K) is 
a linearly ordered subspace of X. 

Since the conditions {i) — {Hi) of Corollary 13.51 are preserved by continuous monotone maps, 
we have the following: 

Theorem 4.2. Any continuous monotone image of a linearly ordered H-closed topological 
pospace into a topological pospace is an H-closed topological pospace. 

Also Proposition 14.31 follows from Corollary 13.51 

Proposition 4.3. Let (X, Tx) be an H-closed pospace of a linearly ordered topological pospace 
(T, tt). Then the set fx fl X ([x r\ X) contains a minimal (maximal) element for any x G T. 

A subset L of a linearly ordered set X is called a L-chain in X if txfl J.?/ C L for any x,y E L, 
X ^ y. 

Theorem 4.4. Let X be a linearly ordered topological pospace and let L be a subspace of X 
such that L is an H-closed topological pospace and any maximal X\L- chain in X is an H-closed 
topological pospace. Then X is an H-closed topological pospace. 

Proof. Suppose to the contrary that the topological pospace X is not if-closed. Then by 
Lemma 14.11 there exists a linearly ordered topological pospace Y which contains X as a non- 
closed subspace. Without loss of generality we can assume that X is a dense subspace of a 
linearly ordered topological pospace Y. 

Let X G y \ X. The assumptions of the theorem imply that the set X \ L is a disjoint union 
of maximal X\L-chains L^, a G which are if-closed topological pospaces. Therefore any 
open neighbourhood of the point x intersects infinitely many sets La, a G 

Since any maximal X\L-chain in X is an if-closed topological pospace, one of the following 
conditions holds: 

tx n L 7^ or ix n L 7^ 0. 

We consider the case when the sets |x fl L and |x fl L are nonempty. The proofs in the other 
cases are similar. 

By Proposition 14.31 the set IxflL contains a minimal element x^ and the set jxPlL contains 
a maximal element xm- Then the sets jx^ and J,xm are closed in Y and, obviously, L C 
Ixm U txm- Let U{x) be an open neighbourhood of the point x in Y. We put 

V{x) = U{x) \ (iXM U Um) ■ 

Then V{x) is an open neighbourhood of the point x in y which intersects at most one maximal 
5'\L-chain L^, a contradiction. Therefore X is an iJ-closed topological pospace. □ 

Corollary 4.5. Let X be a linearly ordered topological pospace and let L be a subspace of X 
such that L is a compact topological pospace and any maximal X\L-chain in X is a compact 
topological pospace. Then X is an H-closed topological pospace. 

Example 4.6. Let N be the set of all positive integers. Let {x„} be an increasing sequence in 
N. Put N* = {0} U I n G N} and let ^ be the usual order on N*. We put ?7„(0) = {0} U | 
k n}, n E N. A topology r on N* is defined as follows: 

a) any point x G N* \ {0} is isolated in N*; and 

b) ^(0) = {Un{0) I n G N} is the base of the topology r at the point G N*. 

It is easy to see that (N*,^,r) is a countable linearly ordered cr-compact locally compact 
metrizable topological pospace and if Xk+i > x^ + 1 for every G N, then (N*,^,r) is a 
non-compact topological pospace. 
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By Corollary 14.51 (N*, ^, r) is an if -closed topological pospace. Also (N*, ^, r) is a normally 
ordered (or monotone normal) topological pospace, i.e. for any closed subset A = [A and 
B = in X such that A n B = there exist open subsets U = lU and V = in X such 
that A C U, B C V, and U nV = [12] ■ Therefore for any disjunct closed subsets A = lA 
and B = ^B in X the exists a continuous monotone function /: X — [0, 1] such that f{A) = 
and f{B) = l [12]. 

Example 14.61 implies negative answers to the following questions: 

(z) Is a closed subspace of an if-closed topological pospace if-closed? 

{ii) Does any locally compact topological pospace embed into a compact topological pospace? 
{iii) Has any locally compact topological pospace a subbasis of open decreasing and open 
increasing subsets? 

Example 14.71 shows that there exists a countably compact topological pospace, whose space 
is if-closed. This example also shows that there exists a countably compact totally discon- 
nected scattered topological pospace which is not embeddable into a locally compact topological 
pospace. 

Example 4.7. Let X = [0,ti;i) with the order topology (see [U Example 3.10.16]), and let 
Y = {0} U I n = 1, 2, 3, . . .} with the natural topology. We put S = X xY with the product 
topology Tp and the partial order ^: 

(xi, yi) 4 {x2, 2/2) if yi > y2 or yi = y2 and X2 ^ Xi. 

We extend the partial order ^ onto S* = S U {a}, where a ^ S', as follows: a ^ a and a ^ x 
for all X E S, and define a topology r on S* as follows. The bases of topologies r and Tp at the 
point X E S coincide and the family ^{a) = {U 13(a) \ P E Ui} is the base of the topology r at 
the point a E S*, where 

Ufsia) = {a} U {[(3, u^) x {1/n | n = 1, 2, 3, . . .}) . 

Obviously, (S'*,^,r) is a Hausdorff non-regular topological pospace. Proposition 3.12.5 [7j 
implies that {S*,t) is an if-closed topological space. By Corollary 3.10.14 [7] and Theo- 
rem 3.10.8 [7] the topological space {S*,t) is countably compact. Since every point of {S*,t) 
has a singleton component, the topological space {S*,t) is totally disconnected. 

Let A be a closed subset of {S*, =4, t) such that A 7^ {a}. Then there exists x G [0, ui) such 
that A = A n {[0, x] X Y) ^ 0. Since [0,x] x y is compactum, A is a compact topological 
pospace, and hence A contains a maximal element of A. Let x^, be a maximal element of 
A. Definition of the topology r on S* implies that \Xra is an open subset in (S'*,r). Then 
\Xm ^A = Xm and hence isolated point of the space A with the induced topology from 

(5*, r). Therefore every closed subset of (S"*, r) has an isolated point in itself and hence (S**, r) 
is a scattered topological space. 

Remark 4.8. The topological pospace (N*, ^,t) from Example 14.61 admits the structure of a 
topological semilattice: 

a6 = min{a,6}, for a,6GN*. 

Also the topological pospace (S**, ^,r) from Example 14.71 admits the continuous semilattice 
operation 

(xi, yi) ■ (xa, 1/2) = (max{xi, Xa}, max{?/i, 2/2}) and (xi, y^ ■ a = a ■ (xi, = a, 

for xi, X2 E X and yi, y2 E Y. 

The following example shows that there exists a countable if-closed scattered totally discon- 
nected topological pospace which has a non-if-closed maximal chain. 
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Example 4.9. Let X = {1,2,3, . . .} be the positive integers with the discrete topology, and 
let F = {0} U {i I n = 1, 2, 3, . . .} with the natural topology. We put T = X x F with the 
product topology tt and the partial order 

{xi,yi) 4 {X2,y2) if Vi > 1/2 or yi = y2 and X2 ^ Xi. 

We extend the partial order ^ onto T* = T U {«}, where a ^ T, as follows: a ^ a and a ^ x 
for all X E T, and define a topology t* on T* as follows. The bases of topologies r* and tt at 
the point x G T coincide and the family ^{a) = {[/^(q;) | /c G {1, 2, 3, . . .}} is the base of the 
topology T* at the point a G T*, where 

Ukia) = {a} U {{k, k + l,k + 2,...} X {l/n | n = 1, 2, 3, . . .}) . 

It is obvious that (T*, r*) is a Hausdorff non-regular topological pospace. Proposition 3.12.5 
[7] implies that (T*,t*) is an if-closed topological space. Since every point of (T*,r*) has a 
singleton component, the topological space (T*,r*) is totally disconnected. The proof of the 
fact that (T*, r*) is a scattered topological pospace is similar to the proof of the scatteredness 
of the topological pospace (S**, ^, r) in Example 14. 7[ 

We observe that the set L = {X x {0}) U {a} with the induced partial order from the 
topological pospace (T*, ^, t*) is a maximal chain in T*. The topology r* induces the discrete 
topology on L. Corollary 13.51 implies that L is not an iJ-closed topological pospace. 

Theorem 14.101 gives sufficient conditions on a maximal chain of an if-closed topological 
pospace to be if-closed. We shall say that a chain L of a partially ordered set P has a |- max- 
property (f- min-property) in P if for any a E P such that [a (1 L ^ {^aCi L ^ 0) the chain 
[an L (|a n L) has a maximal (minimal) element. If the chain of a partially ordered set P has 
j- max- and j- min-properties, then we shall call that L has a |- m-property. 

Similarly to [11], [13] we shall say that a topological pospace X is a CCi-space (resp. CCd- 
space) if whenewer a chain F of X is closed, ]F (resp. [F) is a closed subset in X. 

Theorem 4.10. Let X he an H -closed topological pospace. If X satisfies the following proper- 
ties: 

{i) X is regularly ordered; 
(a) X is CCi-space; and 
(Hi) X is CCd-space, 

then every maximal chain in X with \- m-property is an H-closed topological pospace. 

Proof. Suppose to the contrary that there is a non-if-closed chain L with |- m-property in X. 
Then by Corollary 13.51 at least one of the following conditions holds: 

1) the set L is not a complete semilattice with the induced partial order from X; 
II) there exist a non-empty subset A in L with x = inf A such that A = | A \ {x} and 
X i chiA)- 

III) there exist a non-empty subset B in L with y = sup B such that B = [B \ {y} and 

y ^ ch{B). 

Suppose that condition I) holds. Since topological space with dual order to ^ is a topological 
pospace, without loss generality we can assume that there exists a subset 5" in L which does 
not have sup in L. Then the set IS (IL does not have sup in L either. Hence the set / = L \ jS" 
does not have inf in L. We observe that the maximality of L implies that there exist no inf / 
and sup S in such that sup S ^ inf /. Also we observe that properties (ii) — (Hi) of X and 
Corollaries 12. 5[ [2l6] imply that 1^0. Therefore without loss of generality we can assume that 
5* = IS n L, / = |J n L and L is the disjoint inion of S and /. 

Since the set S does not have sup in L, for any s G 5* there exists t > s, and hence there 
exist open neighbourhoods U{s) and U{t) of the points s and t respectively such that 

U{s) = iU{s), U{t) = tf/(t), and U{s) f] U{t) = 0. 
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Therefore we conclude that S is an open subset of L and / is a closed subset of L. Similarly 
we get / is open in L and S is closed in L. 

By Lemma 1 [15] for any a,b E X such that a ^ b there exist open neighbourhoods U{a) 
and U (6) of the points a and b respectively such that 

U{a) = tf/(a), U{b) = iU{b), and U{a) n U{b) = 0. 

We define the families 

^ = {{U{a), U{b)) \a^b,aeS,beX} and ^ = {{U{b), U{a)) \ a ^ b, b e I , a e X} 

as follows: U (a) is an open neighbourhood of a and U{b) is an open neighbourhood of b such 
that 

U{a) = ]U{a), U{b) = iU{b), and U{a) n U{b) = 0. 
Let X ^ X . We extend the partial order ^ from X onto X* = X U {x} as follows: 

1) X ^ X] 

2) X ^ a for each a E I; 

3) X ^ z for 2 G X \ L if and only if there exists e G / such that e ^ z; 

4) 6 ^ X for each 6 G S"; and 

5) z ^ X for 2 G X \ L if and only if there exists e G S* such that z ^ e. 

We denote the topology on X by r^. On X* we determine a topology r* as follows. For any 
point y E X the bases of topologies r* and rx at the point y coincide. For any y G X by ^{y) 
we denote the base of topology tx at the point y. We put 

y{x) = {{x} U U{a) I {U{a), U{b)) e y , a ^ b, a e S, b e X}, 

J[x) = {{x} U U{b) I (f/(6), f/(a)) G ^, a ^ 6, 6 G /, a G X}, 

^{x) = y{x)U ^{x), and 
^(x) = {[/i n ■ ■ • n t/„ I f/i, . . . , t/„ G ^(x), n = 1, 2, 3, . . .}. 

Obviously, the conditions (BP1)-(BP3) of [7] hold for the family {j^{y)}y^x* and hence 
{^{y)}y(zx* is a base of a topology r* at the point y G X*. Since the set / has not an 
inf, for finite many pairs (f/(6i), [/(ai )),..., (f/(6„), f/(a„)) G J^{x) we have that the set 
U{bi) n . . . n U{bn) n / is infinite. Similarly, since the set S does not have a sup, for finite many 
pairs ([/(oi), U{ci)), . . . , (f/(a„), U (cfc)) G y{x) we have that the set U (oi) fl . . . fl f/ (afc) fl S' is 
infinite. Therefore x is a non-isolated point of the topological space (X*, r*). 

Further we shall show that (X*,r*, ^) is a topological pospace. We consider three cases: 

1) 1/ e T/; 

2) ye IS; and 

3) yeX\{]lUiS). 

If y G t-^ we have x ^ y, and since the set / does not have an inf, there exist a,b e I such 
that X ^ b < a ^ y. Let {U{b),U{a)) G J^. Then [/^(x) = {x} U U{b) and U{y) = U{a) are 
open neighbourhoods of the points x and y respectively such that 

U,{x) = [U,{x), U{y) = W{y), and U,{x) r\U{y) = . 

li y E [S then we have y ^ x, and since the set S* does not have a sup, there exist a,b E S 
such that y !^b < a f^y. Let (f/(a), f/(6)) G ^. Then Ua{x) = {x} U U{a) and f/(t/) = f/(6) 
are open neighbourhoods of the points x and y respectively such that 

Ua{x) = ]Ua{x), U{y) = iU{y), and Ua{x) nU{y) = 0. 

Suppose y E X \ (1/ U IS). Then x ^ y. In the case ly H L = we put s = minL, and 
since s ^ y, there exist open neighbourhoods U (s) and U{y) of the points s and y respectively 
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such that {U{s),U{y)) G Then Us{x) = {x} U U{s) and U{y) are open neighbourhoods of 
the points x and y respectively such that 

Us{x) = Ws{x), U{y) = iU{y), and Us{x) n U{y) = 0. 

If ly n L then since the chain L has |- m-property, we put t = max(|?/ fl L). Then since 
the set S does not have a sup, there exists m E S \ ly such that t ^ m. Obviously, m ^ y. 
Then there exist open neighbourhoods U{m) and U (y) of the points m and y respectively such 
that {U{m), U{y)) G r^. Then Um{x) = {x} U U{m) and U{y) are open neighbourhoods of the 
points X and ?/ respectively such that 

Um{x) = Wm{x), U{y) = iU{y), and n f/(y) = 0. 

Suppose y ^ X. Then by the statements dual to the previous statements we get that there 
exist open neighbourhoods U{x) and U{y) of the points x and y respectively such that 

U{x) = iU{x), U{y) = ]U{y), and U{x) n U{y) = 0. 

Therefore we get that (X*, r*, ^) is a topological pospace and X is a dense subspace of 
(X*,r*, ^). This contradicts the assumption that X is an if-closed pospace. 

Suppose that the statement II) holds, i. e., that there exists an open neighbourhood 0{x) of 
X = vai A such that O{x)f\A = 0. Since X is a topological pospace, for every t G L \ (A U {x}) 
there exists an open decreasing neighbourhood U (t) such that x ^ U{t), and hence A is a closed 
subset of a topological space X. 

Let a ^ X. We pu X^ = X U {a} and extend the partial order ^ from X onto X^ as follows: 

1) a ^ a; 

2) a ^ b for each 6 G A; 

3) a ^ z for 2; G X \ L if and only if there exists e E A such that e ^ z; 

4) 6 ^ a for each h E L\A\ and 

5) z ^ a for z G X \ L if and only if there exists e E L\A such that z ^ e. 
By Lemma 1 [15] we define the family 

^ = {{U{t), U{b)) \ b^t,tEA,bEX} 
as follows: U{t) and f/ (6) are open neighbourhoods of the points t and h respectively such that 
U{t) = iU{t), U{b) = tf/(&), and U{t) f] U{b) = 0. 
Since X is a regularly ordered CCi- and CC^^-space, we determine the family 

r = {(\4(A),y(t)) |t^x\TA} 

as follows: Vt(A) and Vif) are open neighbourhoods of the set A and the point t respectively 
such that 

Vt{A) = \Vt{A), y(t) = iV{t), and Vt{A) if) = . 

We determine the topology r''" on X''" as follows. Let tx be the topology on X. For any point 
y E X the base of topologies r"'' and tx at the point y coincide. For every y E X hy ^{x) we 
denote a base of the topology tx at the point y. We put 

^(x) = {{a} U U{t) I {U{t), U{b)) E^,b^t,tEA,bEX}, 

r{x) = {{a} U ViA) I Vit)) Ey,tEX\ ]A}, 

^[x) = £/{x) U y{x), and 
^(x) = {t/i n ■•• n t/„ I t/i, ...,[/„ G ^(x), n = 1, 2, 3, . . .}. 
Obviously, the conditions (BP1)-(BP3) of [7J hold for the family {^{y)}y£x'i and hence 
{^(?/)}ygxt is a base of a topology at the point y G X^ Since for finitely many pairs 
{U{ti),U{bi)), . . . , (U{tk),U{bk)) E a/ the intersection f/(ti) n . . . n (f/(tfc) n A is an infinite set, 
a is a non-isolated point of the topological pospace (X^, r^). 

Further we shall show that (X''', t\ ^) is a topological pospace. We consider three cases: 
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1) ye]A- 

2) ye[{L\A)- 

3) y^X\{]AvM{L\A). 

If ?/ G then we have a ^ y, and since the set A does not contain min, there exist c,dEA 
such that a < c < d ^ y. Let {U{c),U{d)) e £/. Then Uc{a) = {a} U U{c) and U{y) = U{d) 
are open neighbourhoods of the point a and y respectively such that 

f/c(a) = if/c(a), U{y) = ]U{y), and U,{a) nU{y) = 0. 

\iy e[{L\A) then we have y ^ x < a. Let {V^{A), V{x)) e r. Then \4(a) = {a} U V^{A) 
and V{%j) = V{x) are open neighbourhoods of the points a and y respectively such that 

V,{a) = W.{a), V{y) = iViy), and V,{a) n V (y) = . 

Suppose y e X \ {]AU i{L\ A). Then a ^ Let {Vy{A),V{y)) G r. Then K,(a) = 
{a} U and V{y) are open neighbourhoods of the points a and ?/ respectively such that 

Vy{a) = Wy{a), V{y) = lViy), and Vy{a) n V (y) = . 

Suppose y ^ a. In the case ^yHA = since by Corollary l2.6l max A exists, we put s = max A. 
Then y ^ s and hence there exists (f/(s), U{y)) e £/. Then Us{a) = {a} U f/(s) and U{y) are 
open neighbourhoods of the points a and y respectively such that 

Us{a) = iUsia), U{y) = ]U{y), and Vs{a) nV{y) = . 

li ]y P[ A ^ then since the chain L has |- m-property, we put t = min(||/ n L). Then 
since the set A does not contain a min, there exists m & A\^y such that m ^ t. Obviously 
y ^ m, and hence there exists {U{m),U{y)) G Then Um{a) = {a} U [/(m) and U{y) are 
open neighbourhoods of the points a and y respectively such that 

Um{a) = if/„(a), U{y) = Wiv), and n V^(l/) = 0. 

Therefore we get that (X''",r^,^) is a topological pospace and X is a dense subspace of 
(X''", T^, ^). This contradicts the assumption that X is an if-closed pospace. 
In case III) we get a similar contradiction to II). 

The obtained contradictions imply the statement of the theorem. □ 

Remark 4.11. We observe that the topological pospace (T*,^,r*) from Example 14.91 is not 
regularly ordered and is not a CCj-space. Also the topological pospace (T*, ^,r*) admits the 
continuous semilattice operation 

{xi,yi) ■ {x2, 1/2) = (max{xi, X2}, max{yi, ^2}) and {xi,yi) ■ a = a ■ {xi,yi) = a, 

for xi,X2 & X and yi,y2 G Y. Therefore a maximal chain of an iY-closed topological semilattice 
is not necessarily to be an if-closed topological semilattice. 
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